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Principle of ultrasound imaging
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Principle of ultrasound imaging
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Ultrasound images In soft tissues
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Ultrasound images In soft tissues
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Ultrasound images In soft tissues
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Ultrasound images In soft tissues
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PSF probing in the speckle
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T he acoustic scattering problem
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T he acoustic scattering problem
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Mathematical description of the micro-structured
medium
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T; Random centers distributed in R?

» :0

S =U; {ZIZ‘Z + Q} Set of size 1 scatterers

’.;':95%%
oS
COT

a1 := aplgag +asls,

ny = nM]le\g +nglg.

nED(x) = N (—) : Example with €1 > €9 > €3




Mathematical description of the micro-structured
medium
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The coherent field
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The coherent field
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The scattered field

U = o2 /D (ne(y) — n*) uo(y)G* (-, y)dy.

Quantitative Homogenization Theorem (Garnier, Giovangigli, Goepfert, M.)
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Conclusion of part 1

It 1s possible to derive effective properties for the ultrasound propagation from the statistical properties of the micro-structure

It I1s possible to approximate the backscattered field as a function of the micro-structure and the coherent field
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Simple model

Governing equation
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Simple model

Governing equation

2
Au 51+ (ne—1)1p)u=0
(c*)
, d—1 . W .
i 5 (o) o) o

Another simplification for the medium:

- (L - . . . e
ne(x) =14+n (g) with E [n(x)] = 0, « non-restrictive », just technical simplification to get :

Match between homogenized and outer medium
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Measurement matrix and imaging functional
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Measurement matrix and imaging functional
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Measurement matrix and imaging functional

Transducer array

____________ /
Incident wave : u'(x,, -, w) := ['ex (e, *)
Measurement matrix: M, »(w) 1= u® (2, Ty, W)
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Imaging functional

1€ (2) = / us (e, Ty, w)[e* (2, 2) T (2, 2) deeda,dw
AXAXB

Computed Image

What if ¢~ is not known ? Imaging domain D’

Simulation of US experiment

Physical domain D

17



Characterization of the problem

Geometry

Regime
Goal Constraints
Prior
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The point-spread function (PSF)

First order approximation for the scattered fields
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The case ¢ # ¢c*

First order approximation for the scattered fields

M(ze, zr,w) = w? /D (n(y) —n") G* (2, y)G*(xe, y)dy

Imaging functional as a convolution

I°(z) = /D (n(y) —n*) F (z,9)dy,  z€ D'

Kernel of the operator (Point Spread Function)

2
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Effects of speed of sound error on the focal spot
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Effects of speed of sound error on the focal spot
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Effects of speed of sound error on the focal spot
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Effects of speed of sound error on the focal spot
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The focal spot

Definition : Focal spot at threshold o

Consider 0 < § < 1 and yo € D.There exists a domain D5 (yg) C D’ such that
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Fe(z,y) = / w? (/ Fﬁ(z,xr)G*(y,xr)dat,,) dw z,y € D' x D.
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Asymptotic analysis of the phase

Focal spot
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Center of the focal spot at a given speed c

Y = (n%yJ—’ y") — (U%ZJ_, Z”) Rewriting the phase: (I)(Z’ y) — i) (Z — Spc(y))

N \

Point in the physical domain (fixed) Pixel on the image Center of focal spot in the image



Center of the focal spot at a given speed c
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Center of the focal spot at a given speed c

y=m2yt,y") z=(nzzt,2") Rewriting the phase:  ®(z,y) = ® (2 — ¢, (y))

Point in the physical domain (fxed)\Pxe on the image Center of focal spot in the image
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Asymptotic expansion of travel times in the paraxial regime Center of the focal spot
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Expansion of the PSF around the center of the focal
Spot
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Expansion of the PSF around the center of the focal
Spot

Analytic approximation of the PSF
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Expansion of the PSF around the center of the focal
Spot

Analytic approximation of the PSF

2
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51 S Rd_17§2 € R.

Nice expression at the center z = .(y) - Useful now
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PSF amplitude estimator

Definition : Confocal & trace at Yy,
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PSF amplitude estimator

Definition : Confocal F trace at y, Proposition : Amplitude Estimator
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PSF amplitude estimator

Definition : Confocal F trace at y, Proposition : Amplitude Estimator
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¢ — F(c) :=F+ (¢e(yo), yo)

1
1
1
| | | | | I | | | | |
0 1
W|t| y E D 0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14
O 'C%v

c* = argmax,. |F(c)

).05 0.05

0.05
11 0.8

0.06 ).06 0.06

).07 0.07
001 0 001 -0.01 0 0.01 0.0 0 0.01

ci =0.9c"

0.07

*
co = C3 — 1.1c



PSF amplitude estimator

Definition : Confocal F trace at y, Proposition : Amplitude Estimator

[Cmina Cmax] — C
¢ — F(c) :=F+ (¢e(yo), yo)

1
1
1
| | | | i | | | | |
0 1 1
With y E D 0.86-0.88 0.9 0.92 0.94 0.96 098 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14
0 4

c* = argmax,. |F(c)

0.05 0.05

11 0.8

0.06 ).06 0.06

).07 0.07
001 0 001 -0.01 0 0.01 0.0 0 0.01

ci =0.9c"

0.07

*
co = C3 — 1.1c



PSF amplitude estimator

Definition : Confocal F trace at y, Proposition : Amplitude Estimator

[Cmina Cmax] — C
¢ — F(c) :=F+ (¢e(yo), yo)

1
1
1
| | | | i | | | | |
0 1 1
With y E D 0.86-0.88 0.9 0.92 0.94 0.96 098 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14
0 4

c* = argmax,. |F(c)|.

0.05 0.05

11 0.8

0.06 ).06 0.06

).07 0.07
001 0 001 -0.01 0 0.01 0.0 0 0.01

ci =0.9c"

0.07

*
co = C3 — 1.1c



PSF amplitude estimator

Definition : Confocal F trace at y, Proposition : Amplitude Estimator

[Cmina Cmax] — C
¢ — F(c) :=F+ (¢e(yo), yo)

1
1
1
| | | | i | | | | |
0 1 1
With y E D 0.86-0.88 0.9 0.92 0.94 0.96 098 1 1.02 1.04 1.06 1.08 1.1 1.12 1.14
0 4

c* = argmax,. |F(c)|.

0.05 0.05

11 0.8

0.06 ).06 0.06

).07 0.07
001 0 001 -0.01 0 0.01 0.0 0 0.01

ci =0.9c"

0.07

*
co = C3 — 1.1c



Asymptotic expression

]. | | | |

Simulation - |F(¢)|

Lemma : Asymptotic development (paraxial regime)
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Asymptotic expression

Lemma : Asymptotic development (paraxial regime)

Proposition : Phase jump estimator
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® [ he PSF can be used to build an estimator for the speed of sound



The micro-structured medium problem

® [ he PSF can be used to build an estimator for the speed of sound




The micro-structured medium problem

® [ he PSF can be used to build an estimator for the speed of sound

® [ he PSF can be accessed on the image If there Is a strong isolated small reflector
in the medium (guide star)



The micro-structured medium problem

® [ he PSF can be used to build an estimator for the speed of sound

® [ he PSF can be accessed on the image If there 1s a strong i1solated small reflector
in the medium (guide star)




The dual focal spot

Image domain | |
Physical domain

/ / % :
D — D ) Exchanging the roles of ¢ and ¢* D — D
ZH‘FC_*(ZJJO)‘ yIH|FcL*(zo,y)}



Image domain
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Has a small « quasi-support »
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centered around yo(c) = ¢. ' (20) € D
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The dual focal spot

Image domain

D' —s D

2 — ‘Fci*(z,yo)‘

Has a small « quasi-support »

centered around zy(c) = ¢.(yo) € D'

DS(C, yO)

The part of the image affected by the
point Yo € D

Exchanging the roles of ¢ and ¢*

sy T he focal spot

The dual focal spot

Physical domain

D— D

Has a small « quasi-support »

" centered around yo(c) = ¢, (z) € D

D(S(C) ZO)

The part of the domain probed by the

pixel zo € D’
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Virtual random reflector

1

Whole physical domain Small domain around . = (2)

Proposition : Variance of [¢

I°(2) ~ /D () —n*) F 2 p)ay

e D



Virtual random reflector

I(2) = /D (n(y) — n*) F& (z,9)dy, =€ D'

Whole physical domain Small domain around Spc_l(z)

Proposition : Variance of [¢

A D(c,z) centered around ¢_.'(z) - moves with c
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Moving focal

c =1.2xc* D (Physical domain)
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Moving focal spots

1 realization 20 realizations
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Fixing the focal spot
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Fixing the focal spot

Pick tg > wo_l and consider y;, := (0,c"tg) - UNKNOWN point in the domain, only #; known
C
‘Pc(ytg) — (O, C—* QO) — (O, Cto) < Only depends on f, and ¢, KNOWN

Theorem: Incoherent estimator

(1G] =<Co | [Fu)Pdy +o (%)

A Only one realization of the medium
De<(yo)
/ \

Dual focal spot centered on Yt Point spread function
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Ensemble averaging via ergodicity

C c*

Denote by n(-,7),y € § the dependency on the randomness of the medium. Consider € K Az K — ~ —.
Wo  Wo

[Lemma: Stationarity of the medium

Slightly shifted dual focal spot of z

Dual focal spot of z Group action defining the ergodicity of the process
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Ensemble averaging via ergodicl

C c*

Denote by (-, ),y € € the dependency on the randomness of the medium. Consider e < |Az| K — ~ —.
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[Lemma: Stationarity of the medium
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Ensemble averaging via ergodicity

C c*

Denote by n(+, ),y € € the dependency on the randomness of the medium. Consider e < |Az| K — ~ o
Wo 0

[emma: Stationarity of the medium
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Proposition : Ergodicity of I¢
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Building the estimator In practice

Pick a travel timetg > wo_l.

Define the set of possible values for c : [Cmm, cma:,;]. Define the probing points z(c) — (O, Cto) Ve [sz’np Cma:,;].
. . . e Cmin
Define a set S of small spatial shifts Az satisfying € < |AZ| < :
Wo

\V/Cj c [Cmina Cmax]

Compute the matrix [C;: := |19 (z(¢c;) + (Az z)‘Q
=l e @



Building the estimator In practice

Pick a travel timetg > wo_l.

Define the set of possible values for ¢ : [Cmm, Cmax]. Define the probing points Z(C) — (O, Cto) Ve [Cmm, Cmax].
. . . Do Cmin
Define a set S of small spatial shifts Az satisfying € < ‘AZ| <K :
Wo

\V/Cj c [Cmina Cmaaz]

Estimator
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Parameters of the simulation
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Numerical simulations (E. Parolin)
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Spatial
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averaging for a fixed realization
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ICij| = [19(2(cj) + (A2)i,70)|7



Spatial averaging for a fixed realization




Spatial averaging for a fixed realization
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Summary

Modelisation

Provided a model for wave propagation (and back scattering) in a random micro-structured medium

Used this model to describe medical ultrasound imaging measurements

Inverse problem

Analysed the point-spread function when there i1s a mismatch modeled and actual speed of sound Iin the medium
Characterized the focal spot
Analysed the image quality indicator introduced by Aubry, Bureau, Fink & Al.

Proved that it I1s possible to access in situ the effective speed of sound Iin a micro-structured medium from backscattering measurements



ummary

Modelisation

Provided a model for wave propagation (and back scattering) in a random micro-structured medium

Used this model to describe medical ultrasound imaging measurements

Inverse problem

Analysed the point-spread function when there is a mismatch modeled and actual speed of sound in the medium

Characterized the focal spot
Analysed the image quality indicator introduced by Aubry, Bureau, Fink & Al.

Proved that it is possible to access in situ the effective speed of sound in a micro-structured medium from backscattering measurements

Take Home messages

It 1s possible to re introduce sparsity by focusing in the medium

The amplitude of the PSF is enough to control a posteriori the quality of the focusing (at least the geometrical component)



Perspectives

Speed of sound mapping

Extend the method to more complex speed of sound model
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Perspectives

Speed of sound mapping

Layered mediums - refraction effects (ongoing work w. C. Prada)
Extend the method to more complex speed of sound model

Local variation of speed of sound (on going work w. A. Aubry's team)

Microstructure analysis

Add some contrast in the divergence (density)
Possible effective anisotropy
Effects of multiple scattering

Extension to propagation in solids (ongoing work w. C. Prada)



